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In this paper we show that, for each prime power q, given an embedding of the finite dual
split Cayley hexagon H(q)D in the d-dimensional projective space PG(d,q), d satisfies d≤
13. Moreover, if d=13, then the embedding is unique and we give an explicit description.

1. Introduction and Statement of the Main Result

The main geometric constructions of (finite) geometries Γ – such as gener-
alized polygons, partial geometries, semipartial geometries, extended quad-
rangles – are inside a projective space PG(d,q). In many cases, points of Γ
are just points of PG(d,q), and lines of Γ are (subsets of) lines of PG(d,q).
These representations are very useful to detect geometric properties, or to
recognize certain specific examples in different circumstances. In the latter
case, one additionally needs characterization results for these geometric rep-
resentations. These results characterize either the geometry amongst other
geometries satisfying a same set of axioms, or only the very geometric rep-
resentation. We will see some examples below, related to our Main Result.

Let us first get down to precise definitions. Let Γ be a point-line geometry.
We say that Γ is (fully) embedded in PG(d,q), for some prime power q, if the
point set of Γ is a subset of the point set of PG(d,q) generating PG(d,q),
and if the set of points of every line of Γ is precisely the set of points of a
line in PG(d,q) (hence every line of Γ bears exactly q+1 points).
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Now let Γ be a generalized polygon (i.e., a point-line geometry with the
property that the girth of the incidence graph is twice the diameter n of
that graph; in this case we also say that Γ is a generalized n-gon), (fully)
embedded in PG(d,q). If for any point x of Γ , all points of Γ collinear in Γ
with x are contained in a plane of PG(d,q), then we say that the embedding
is flat. Two elements of Γ are called opposite if they are at distance n in the
incidence graph. If for any point y of Γ , the set of all points not opposite
y in Γ does not generate PG(d,q), then we say that the embedding is
polarized (we used the notion “weak” in earlier papers, following a definition
of Lefèvre-Perscy for embedded polar spaces). Note that then necessarily n
must be even.

Generalized polygons for which each element is incident with at least
three other elements have the property that each line is incident with a
constant number of points, say s+ 1, and each point is incident with a
constant number of lines, say t+1. We say that the generalized polygon has
order (s,t); if s= t we say that the polygon has order s.

The present paper deals with embedded generalized hexagons, in partic-
ular with embeddings in PG(d,q) of the dual H(q)D of the so-called split
Cayley hexagons (see next paragraph for a definition). We refer to [4,6] for
characterization theorems of the natural embeddings of H(q). For results on
quadrangles, see Chapter 8 of [13].

We now give an explicit construction of H(q), due to Tits [11], see also
[13]. In fact, we define H(q), or more generally, H(K), for any commutative
field K, as a flat and polarized embedding in PG(6,q), or more generally,
PG(6,K). We will refer to this embedding as the natural one, or as the
standard representation.

So let K be any commutative field. The points of H(K) are the points of
PG(6,K) on the quadric Q(6,K) with equation X0X4+X1X5+X2X6=X2

3 ;
the lines are the lines of this quadric whose Grassmann coordinates satisfy
the equations

p12 = p34, p54 = p32, p20 = p35,
p65 = p30, p01 = p36, p46 = p31.

Incidence is the natural one. This representation of H(K) has been used to
derive many useful geometric properties, see for instance [13]. This hexagon
can be recognized as the only generalized hexagon of order q admitting a
flat and polarized embedding in PG(6,q), see [5]. Taking the dual of H(K),
we obtain H(K)D. Note that the points of H(K)D can be identified, via the
Grassmannian of all lines of PG(6,K), with certain points of PG(20,K).
Since in H(K), the set of lines through a point x is the set of lines through
x in PG(6,K) in a certain plane of Q(6,K) (see [11], 5.2.3), the lines of
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H(K)D can be identified with certain lines of PG(20,K). Hence we have a
full embedding of H(K)D in some subspace of PG(20,K). As can easily be
seen from the above equations, the set of points of H(K)D does not generate
PG(20,K). We will show below that they generate a space of dimension
at least 13. So we know that there is at least one embedding of H(K)D in
PG(d,K), for d≥ 13. Our main result is that in the finite case there is, up
to a projective transformation, a unique such embedding and that d= 13.
Furthermore, as a byproduct, we show that this embedding is polarized
(without making explicit computations).

Main Result. Suppose that H(q)D is embedded in PG(d,q). Then d≤13.
If d=13, then there is a unique embedding.

If q = 2 then there is the well-known result that the dimension of the
universal (projective) embeddings of H(2) and H(2)D is equal to 13, see for
instance [14]. Hence, in order to prove our Main Result, we may assume
q>2, and that is what we will do below.

Remark. Since there is only one conjugacy class of subgroups of PGL14(q)
isomorphic to G2(q) and acting irreducibly on PG(13,q), it follows rather
easily that there is a unique embedding of H(q)D in PG(13,q) with the prop-
erty that every automorphism of H(q)D is induced by PGL14(q). Our Main
Result now says that this is the only embedding of H(q)D at all in PG(13,q);
hence in particular that every representation of H(q)D in PG(13,q) enjoys
a lot of nice geometric and group-theoretic properties. This is in contrast
with the situation in PG(d,q), for d<13. Indeed, projecting the embedding
in PG(13,q) from a suitable subspace, one can produce (full) embeddings
of H(q)D in, for instance, PG(12,q) which are not polarized, and which are
certainly not obtained from a subgroup of PGL13(q) isomorphic to G2(q).

2. The examples

Since the construction of the examples is also valid in the infinite case, we
treat the general case here.

Let K be any commutative field, with |K| > 2, let Γ be isomorphic
to H(K)D, and let Γ be constructed on the Grassmannian of all lines of
PG(6,K) as described in the introduction.

As already explained in the introduction, the points of Γ are the points
of PG(20,K) which lie on the Grassmannian of all lines of PG(6,K), cor-
respond to lines of the quadric Q(6,q) and satisfy the six linear equations
stated in the introduction. In order to show that the embedding we obtain
is inside a PG(d,K) with d≥ 13, we have to find 14 points of Γ that are
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linearly independent in PG(20,K). We simply list them by writing down
two points of each corresponding line of H(K) in PG(6,K). Let a∈K with
0 �=a �=1, and consider the points

(1, 0, 0, 0, 0, 0, 0), (0, 0, 0, 0, 0, 0, 1) (1, 0, 0, 0, 0, 0, 0), (0, 0, 0, 0, 0, 1, 0)
(0, 1, 0, 0, 0, 0, 0), (0, 0, 0, 0, 0, 0, 1) (0, 0, 1, 0, 0, 0, 0), (0, 0, 0, 0, 0, 1, 0)
(0, 1, 0, 0, 0, 0, 0), (0, 0, 0, 0, 1, 0, 0) (0, 0, 1, 0, 0, 0, 0), (0, 0, 0, 0, 1, 0, 0)
(1, 0, 1, 0, 0, 0, 0), (0, 0, 0, 0, 1, 0,−1) (0, 1, 1, 0, 0, 0, 0), (0, 0, 0, 0, 0, 1,−1)

(1, 0, 0, 0, 0,−1, 1), (1, 1, 1,−1, 0, 0, 1) (0, 1, 0, 0, 0, 0,−1), (1, 0, 0,−1, 1, 0, 0)
(0, 1, 0,−1, 0, 1, 0), (0, 0,−1, 0, 1, 0, 0) (0, 1, 0,−a, 0, a2, 0), (0, 0,−a, 0, 1, 0, 0)
(1, 0, 0, 0, 0, 0, 1), (0, 1, 0,−1, 0, 1, 0) (a, 0, 0, 0, 0, 0, 1), (0, 1, 0,−a, 0, a2, 0).

An easy elementary calculation now shows that the images on the Grass-
mannian of the 14 lines defined by these pairs of points generate a projective
space of dimension 13.

Note also that, since the full group of automorphisms of H(K) inPG(6,K)
is induced by the stabilizer of Q(6,K) in PΓL7(K), the full automorphism
group of Γ is induced by PΓL21(K).

3. Some known results

We start with some properties of H(q)D, and we introduce some notation. All
properties we mention are proved in [13], possibly dualized for H(q). So we
put Γ =H(q)D. For any element x (a point or a line) of Γ , and any positive
integer j≤n, we denote by Γj(x) the set of elements of Γ at distance j from
x (measured in the incidence graph of Γ ; this is standard notation for any
generalized polygon Γ ).

The hexagon H(q)D is line-distance-i-regular, for i = 2,3. That
means that, given any line L of H(q)D, the geometry (Γi(L),{Γi(L) ∩
Γ6−i(M) |M is opposite L},∈) is a partial linear space (two distinct points
are contained in at most one common line). The hexagon H(q)D is also
point-distance-3-regular, with a similar definition.

By the line-distance-2-regularity of H(q)D, any two lines L1,L2 at dis-
tance 4 from each other determine a unique set of q+1 lines (called a trace)
in Γ2(L), where L meets both L1 and L2. We denote that trace by [L1,L2].
It is precisely the set of lines of Γ2(L) at distance ≤ 4 from every line at
distance 4 from both L1 and L2.

By the line-distance-3-regularity of H(q)D, any two opposite lines L1,L2

determine a unique set of q+1 lines in Γ3(x), where x is a point at distance
3 from both L1 and L2. That set is precisely the set of lines at distance 3
from all points that are at distance 3 from both L1 and L2. We call that set



FULL EMBEDDINGS OF THE FINITE DUAL SPLIT CAYLEY HEXAGONS 685

the (line) regulus through L1 and L2 and denote it by R(L1,L2). Similarly
for opposite points x1 and x2, we have a (point) regulus R(x1,x2). Every
regulus R has a complementary regulus R⊥ obtained from R by taking all
elements of Γ at distance 3 from all elements of R.

For a point x of any generalized hexagon Γ , we write x⊥=Γ2(x)∪{x} and
x⊥⊥=Γ4(x)∪x⊥. If Γ =H(q), then, considering its standard representation,
the set x⊥ is the point set of a projective plane of PG(6,q), for any point x.
Also, the set x⊥⊥ is the intersection of the quadric Q(6,q) with the tangent
hyperplane of Q(6,q) at x.

Let Q+(5,q) be a subquadric of Q(6,q) of hyperbolic type obtained by
intersecting Q(6,q) with a hyperplane. Then the points of Q+(5,q) which are
incident with at least two distinct lines of H(q) that are entirely contained in
Q+(5,q) form the point set of a thin subhexagon of order (1,q) of H(q). This
thin subhexagon is determined by any pair of opposite points it contains.
Dually, let Γ =H(q)D. Then every pair {L,M} of opposite lines determines
a unique thin subhexagon Γ (L,M) of order (q,1) which contains L and M .
The subhexagon Γ (L,M) is the flag complex of a Desarguesian projective
plane of order q. All polarized full embeddings of hexagons of order (q,1)
have been determined, see [6–10]. For the convenience of the reader, we
summarize what we will need from those papers.

Throughout this section, let Γ be a hexagon of order (q,1) and sup-
pose that Γ is the dual of the double of the Desarguesian projective plane
PG(2,q).

We introduce some notation for the first proposition. If x1,x2,x3,x4 are
four collinear points of PG(k,q), with |{x1,x2,x3,x4}|≥ 3, then we denote
by (x1,x2;x3,x4) the usual cross-ratio given by

r3 − r1
r3 − r2

:
r4 − r1
r4 − r2

,

where the ri are non-homogeneous coordinates of the xi on the line through
x1,x2,x3,x4.

Proposition 3.1. If Γ is embedded in PG(k,q), then k≤8. Also, if k=8,
then the embedding is polarized and has the following characteristic prop-
erty.

(∗) There exists a non-trivial automorphism σ of GF(q) such that for any
pair of opposite lines L,M of Γ , where L corresponds to a point of
PG(2,q), and hence M corresponds to a line of PG(2,q), and every
quadruple (x1,x2,x3,x4) of distinct points of Γ on L, one has the follow-
ing relation between cross-ratios:

(x1, x2;x3, x4)σ = (projMx1,projMx2; projMx3,projMx4).
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The automorphism σ is, up to taking inverse, completely determined by a
point regulus.

If k= 7, then the embedding is polarized whenever the set of points at
distance 3 in Γ from every two opposite lines is contained in a plane; in such
a case the plane is uniquely determined by the two lines. Further, this set
of points is a conic in that plane. Also, still if k=7, for any pair of opposite
lines, the set of points at distance 3 from both lines is never contained in a
line of PG(k,q).

We remark that the last part of Proposition 3.1 is mainly contained in
the proof of Theorem 1.2 of [10].

4. Proof of the Main Result for q �=2

We show our Main Result by a sequence of lemmas. Throughout we assume
that Γ ∼=H(q)D is embedded in PG(d,q), with d≥13. We want to show that
d= 13 and that the embedding is uniquely determined, up to a projective
transformation in PG(13,q).

Lemma 4.1. Let L1 and L′
1 be two arbitrary opposite lines of Γ . Let L2

and L′
2 be two distinct lines of the regulus R(L1,L

′
1) both distinct from L1

and from L′
1. Then the union of the point sets of the three thin subhexagons

Γ (L1,L
′
1), Γ (L2,L

′
2) and Γ (L1,L2) generates PG(d,q). Also, the union of

the point sets of the two thin subhexagons Γ (L1,L
′
1) and Γ (L2,L

′
2) generates

a space of dimension at least d−1.

We show that the union of the point sets of Γ (L1,L
′
1) and Γ (L2,L

′
2) lin-

early generates a geometric hyperplane of Γ (i.e., a set of points intersecting
any line in either one point or all points). Let S be the subspace of the
hexagon generated by that union.

We consider the generalized hexagon H(q) in its standard representation
in 6-dimensional projective space PG(6,q). The points of H(q) are all points
of a non-singular quadric Q(6,q). Let �i and �′i be the points of H(q) corre-
sponding to the lines Li and L′

i, respectively, i=1,2. With Γ (Li,L
′
i) there

corresponds a hyperplane Wi of PG(6,q), i=1,2 (namely, the hyperplane
spanned by the elements of any apartment through the points �i and �′i); the
set of points of Γ (Li,L

′
i) corresponds to the set of lines of H(q) in Wi. Then

Wi meets Q(6,q) in a hyperbolic quadric Q+
(i)(5,q), i=1,2. We claim that

the intersection of these two hyperbolic quadrics is a non-singular quadric
Q(4,q) in some 4-dimensional subspace V . Indeed, it is easy to see that
Γ (L1,L

′
1) and Γ (L2,L

′
2) have exactly q+1 points in common, hence the
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spaces W1 and W2 have q+1 lines of H(q) in common; these q+1 lines are
contained in a unique 3-dimensional subspace U (and they form a system
of generators of a non-singular ruled quadric Q+(3,q) in U). Hence the in-
tersection of Q+

(1)(5,q) and Q+
(2)(5,q) is either non-singular, or a cone with

basis Q+(3,q) and with some vertex v. Now v is a point of H(q) collinear
on Q(6,q) with all points of Q+(3,q). Hence v is a point of H(q) at distance
≤4 in H(q) of every point of Q+(3,q). So v must be at distance 3 from ev-
ery line of H(q) in U . This implies that only the points of the point regulus
containing �1 and �′1 are valid candidates for v. But, obviously, none of these
points belongs to both Q+

(1)(5,q) and Q
+
(2)(5,q). The claim follows.

Now, let x first be a point of Q(4,q) not in U . Then x is incident with
some line Mi of H(q) in Wi, i= 1,2 (the line Mi is the intersection of Wi

with the plane of Q(6,q) consisting of all points of H(q) collinear with x).
Since x /∈U , we have M1 �=M2. Let X, m1,m2 be the line and points in Γ
corresponding to x, M1,M2, respectively. Then X contains the points m1

and m2 and hence all points incident with X belong to S.
Secondly, let x be a point of Q(4,q) in U and let Lx be the unique line

of H(q) in U incident with x. Consider any line Z of Q(4,q) through x and
not contained in U (there are q−1 such lines). Let x1 and x2 be two points
of Z distinct from x. Let y be the unique point of H(q) collinear in H(q)
with x,x1,x2. Let the lines X,X1,X2,Y of Γ correspond with x,x1,x2,y,
respectively, and let the point �x of Γ correspond with Lx. We have already
shown that all points of Xi belong to S, i=1,2. Since Y meets the disjoint
lines X1 and X2, we see that all points of Y belong to S. The line X meets
Y in a point different from �x, and hence is contained in S (and so is every
point incident with X).

Consequently S contains all points which correspond to lines of H(q)
having non-empty intersection with V . We show that this set of points is
indeed a geometric hyperplane. Therefore, let L be any line of Γ , and let �
be the corresponding point of H(q). We have to show that � is on either 1 or
q+1 lines of H(q) meeting V . But this follows immediately by considering
the plane �⊥.

Hence S is a geometric hyperplane. The complement of S is connected
by [1]. We claim that there exists a point p in Γ (L1,L2) not contained in S.
Indeed, we can certainly select a point p in Γ (L1,L2) which is not collinear
with any member of the point regulus complementary to the line regulus
R(L1,L

′
1). If P is the line in H(q) corresponding to p, and if p were contained

in S, then P would meet V in a point off Q+(3,q), hence the 5-dimensional
subspace corresponding to Γ (L1,L2) would contain Q(4,q), consequently it
would meet Q+

(1)(5,q) in the non-singular quadric Q(4,q), contradicting the
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fact that this intersection contains a plane, namely the plane determined by
�⊥1 . The claim is proved. Now we consider such a point p and we see that
S ∪{p} generates the whole point set of Γ as a subspace. This proves the
lemma.

Proposition 4.2. We have d=13 and for every pair of opposite lines L,M ,
the thin subhexagon Γ (L,M) is fully embedded in a 7-dimensional subspace
PG(7,q) and this embedding is polarized.

Proof. Let L0 and L1 be two arbitrary opposite lines of Γ . Let R(L0,L1)=
{L0,L1, . . . ,Lq}. Let {x0, . . . ,xq} be the complementary regulus. Suppose the
thin subhexagon Γ (L0,L1) generates the subspace PG(k,q). We first show
that k≤7. Suppose by way of contradiction that k≥8; then k=8 by Proposi-
tion 3.1. Let σ be the non-trivial automorphism of GF(q) corresponding (by
Proposition 3.1) to the embedding of Γ (L0,L1) in PG(8,q) (where we as-
sume that L0 corresponds with a point of the underlying projective plane).
Let G = (R(L0,L1),E) be the undirected graph with the set E of edges
defined by: {Li,Lj} ∈ E if Γ (Li,Lj) is contained in a 7-dimensional sub-
space of PG(d,q), i,j ∈ {0,1, . . . ,q}, i �= j. If {Li,Lj},{Li′ ,Lj′} ∈ E, with
|{i,j, i′, j′}|=4, then the union of the point sets of Γ (Li,Lj) and Γ (Li′ ,Lj′)
generate a space of dimension at most 7+7−3=11. By Lemma 4.1, 11≥d−1,
a contradiction. Since σ is non-trivial, we have q≥4 and hence we can find a
coclique of size 3 in G. Suppose, without loss of generality, that the vertices
of that coclique are L0,L1,L2. Consider an arbitrary ordered quadruple of
pairwise distinct points on L0 for which the cross-ratio r generates the mul-
tiplicative group of GF(q). Then rσ �= r is the cross-ratio of the projection
on L1 of that quadruple. Let s be the cross-ratio of the projection of that
quadruple onto L2. Considering Γ (L0,L2), we have either s= rσ or r= sσ

(by Proposition 3.1). Likewise, considering Γ (L1,L2), we have either rσ=sσ

or rσσ = s. Clearly the combinations (1) s= rσ = sσ, (2) rσ = s= rσσ and
(3) r=sσ=rσ lead to either s=sσ or r=rσ, a contradiction since both r and
s generate the multiplicative group of GF(q). Hence r= sσ = rσ3

, implying
σ3 =1. If we define the directed graph G′ =(R(L0,L1),E′) by (Li,Lj)∈E′

if Γ (Li,Lj) generates an 8-dimensional subspace of PG(d,q) and the cross-
ratio s of an ordered quadruple of four different points on Lj is equal to the
image under σ of the cross-ratio of the projection of that quadruple onto Li,
i,j∈{0,1, . . . ,q}, i �=j, then we have just shown that, if G′ contains a triangle
containing the mutually adjacent vertices Li,Lj,Lm, and (Li,Lj)∈E′, then
(Lj,Lm),(Lm,Li)∈E′. But now σ3=1 implies that q≥8. Hence we can find
a coclique of at least four points in G, and this implies a clique of four points
in G′, which we may assume to contain L0,L1. Let Li,Lj be the other two
vertices of the clique. Since (L0,L1)∈E′, we have (Li,L0),(Lj ,L0)∈E′. But
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(Li,L0) ∈ E′ implies (L0,Lj) ∈ E′, a contradiction. Hence we have shown
that k≤ 7. Similarly, every Γ (Li,Lj), Li,Lj ∈R(L0,L1), i �= j, is contained
in a 7-dimensional subspace of PG(d,q).

Now we show that k = 7. Suppose by way of contradiction that k ≤ 6.
If also Γ (L2,L3) is contained in a 6-dimensional space, then the union of
the point sets of Γ (L0,L1) and Γ (L2,L3) is contained in a space of dimen-
sion 6+6− 1 = 11, contradicting Lemma 4.1. Hence Γ (L2,L3) generates a
7-dimensional space and by Proposition 3.1 the set {x0, . . . ,xq} generates
a subspace of dimension at least 2. Hence the union of the point sets of
Γ (L0,L1) and Γ (L2,L3) is contained in a space of dimension 6+7−2=11,
again contradicting Lemma 4.1. Hence k=7. Similarly, Γ (L2,L3) generates
a 7-dimensional subspace of PG(d,q). If {x0, . . . ,xq} were not contained in
a plane, then Γ (L0,L1)∪Γ (L2,L3) would be contained in a subspace of di-
mension at most 7+7−3=11, once again contradicting Lemma 4.1. Hence,
by Proposition 3.1, the embedding of Γ (L0,L1) is polarized and Lemma 4.1
implies that d≤7+7−2+1=13, and so d=13.

Note that, with the notation of the previous proof, this proof implies
that the space generated by Γ (L0,L1) and the one generated by Γ (L2,L3)
intersect in the plane generated by {x0, . . . ,xq}. Also, the space generated
by Γ (L0,L1)∪Γ (L2,L3) and the one generated by Γ (L0,L2) intersect in the
space generated by L0,L2 and {x0, . . . ,xq}. Another immediate consequence
is that the space generated by the lines incident with x0 and concurrent
with L0,L1,L2,L3, respectively, has dimension 4, hence Γ2(x0) spans a space
of dimension at least 4. Also, the plane containing {x0,x1, . . . ,xq} has no
point in common with 〈L0,L1,L2,L3〉, and the space 〈L0,L1,L2,L3〉 has
dimension 7.

We mention two other corollaries of this proposition and the proof of
Lemma 4.1.

Corollary 4.3. Let x be any point of Γ , let R be a point regulus containing
x and let L1, . . . ,L4 be four different lines of the complementary regulus R⊥.
Then the subspace H of PG(13,q) generated by the points of Γ (L1,L2) and
of Γ (L3,L4) is a hyperplane containing all lines of Γ through x, and also all
elements of both R and R⊥.

Proof. By the proof of Lemma 4.1, H is either a hyperplane or the whole
space PG(13,q). But the proof of the previous proposition implies that H
is at most 12-dimensional. So H is a hyperplane. It meets the point set of Γ
in a geometric hyperplane S, and we have shown in the proof of Lemma 4.1
that S contains all lines of Γ through x, all points of R, and all lines of
R⊥.
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Corollary 4.4. Let L be any line of Γ . Then the set of points Γ1(L)∪Γ3(L)
generates a subspace of PG(13,q) of dimension 7.

Proof. We first show that W :=〈Γ1(L)∪Γ3(L)〉 has dimension at most 7. To
that end, let x and y be two different points on L, let X1,X2 be two different
lines through x (distinct from L) and let Y be any line through y, with
Y �=L. Furthermore, letM be a line opposite L such that S :=Γ4(M)∩Γ2(L)
contains neither X1 nor X2, nor Y (this is possible since q > 2). We know
that S generates a 4-dimensional space. Hence the space W ′ generated by S
and X1,X2,Y has dimension at most 7. We claim that W ′=W . Obviously
W ′ ⊆W . To show that W ⊆W ′, it suffices to show that every element of
Γ2(L) is contained in W ′. By the line-distance-2-regularity of Γ , the set
[Xi,Y ] has a unique element in common with S, i=1,2. Hence it meets W ′

in a 4-dimensional subspace and consequently, [Xi,Y ] is contained in W ′,
for i=1,2. Now it is easy to see that every line Z, Z �=L, concurrent with L
is contained in a set [Z,Z ′], with Z ′∈Γ2(L), having at least three elements
in common with S∪ [X1,Y ]∪ [X2,Y ]. Similarly as before, we conclude that
[Z,Z ′] is contained in W ′. The claim follows.

Now we show that the dimension of W is at least 7. Suppose that W is
contained in a 6-dimensional space. Let M0 be a line at distance 4 from L,
let N0 be the line concurrent with both L and M0, and let u be a point on
M0 at distance 5 from L. Let M1,M2,M3 be three different lines through u
opposite L. Also, let R be a point regulus containing u and some point v
of L. Finally, for i= 1,2,3, let Ni be the unique line at distance 3 from v
and concurrent with Mi. Then by Lemma 4.1 the space PG(13,q) is gen-
erated by W , M0,M1,M2,M3, R and Γ (N1,N2) (indeed, this space con-
tains Γ (N3,N0), Γ (N0,N1) and Γ (N1,N2)), which has dimension at most
6+6=12, a contradiction.

The corollary is proved.

Our next aim is to show that the set of lines of Γ through a fixed point
x of Γ is contained in a 4-dimensional subspace of PG(13,q). Corollary 4.3
already says that Γ1(x) is contained in many hyperplanes. Corollary 4.4
says that it is contained in many 7-dimensional spaces. The idea is now to
intersect these subspaces until we get a space of dimension 4.

Lemma 4.5. Let x be any point of Γ , let R be a point regulus containing
x and let R⊥ be the complementary regulus. Then the subspace UR of
PG(13,q) generated by Γ1(x)∪R∪R⊥ has dimension 10.

Proof. Put R⊥ =: {L0,L1, . . . ,Lq}. Let H1 and H2 be the hyperplanes of
PG(13,q) spanned by the union of the point sets of Γ (L0,L1) and Γ (L2,L3),
and of Γ (L0,L3) and Γ (L1,L2), respectively. By Corollary 4.3, both H1
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and H2 contain all elements of Γ1(x)∪R∪R⊥. Moreover, by the proof of
Lemma 4.1, the points of Γ in the union H1∪H2 linearly generate the point
set of Γ , so H1 �=H2. Hence H1∩H2 is a space of dimension 11 containing
all elements of Γ1(x). Now let i ∈ {3,4} and consider the hyperplane Hi

spanned by the union of the point sets of Γ (L0,L2) and Γ (L1,Li). Suppose
that H1 ∩H2 ⊆ Hi, i ∈ {3,4}. Let Q(j)(4,q) be the non-singular quadric
contained in Q(6,q) such that the geometric hyperplane Sj of Γ induced
by Hj consists of the set of points of Γ which corresponds with the set of
lines of H(q) having non-empty intersection with Q(j)(4,q) (see the proof of
Lemma 4.1), j ∈ {1,2, i}, and suppose that Q(j)(4,q) is contained in the 4-
space Vj of PG(6,q). Each Vj contains the 3-space V generated by the lines
of H(q) which correspond with the elements of R of Γ . Let z be a point of
S1∩S2 which corresponds with a line Z of H(q) not meeting V . Then clearly,
Q(1)(4,q)∪Q(2)(4,q) is contained in the 5-space V12 generated by V and Z.
Our assumption H1 ∩H2 ⊆ Hi implies that Z meets Q(i)(4,q) and hence
Q(i)(4,q) is also contained in V12. Now let the point �k of H(q) correspond
with the line Lk of Γ , k ∈ {0, . . . , i}. Let �′k be the projection of �k from V
onto any plane Π of PG(6,q) skew to V . By construction, V1 contains the
intersection of the lines �′0�

′
1 and �

′
2�

′
3; V2 contains the intersection of the lines

�′0�
′
3 and �

′
1�

′
2; Vi contains the intersection of the lines �′0�

′
2 and �

′
1�

′
i. The space

V12 meets Π in a line, hence, if i=3, we see that q must be even (since Π
contains a quadrangle whose diagonal points are collinear). But then q≥4.
If also H1∩H2⊆H4, then �′1, �

′
3 and �′4 are collinear, a contradiction as the

points �0, �1, �2, �3, �4 are contained in a non-singular conic and hence so are
the points �′0, �

′
1, �

′
2, �

′
3, �

′
4. Hence Hi, for the appropriate choice of i, does not

contain H1∩H2, and so H1∩H2∩Hi is a 10-dimensional space containing
Γ1(x)∪R∪R⊥.

Now suppose the space W generated by Γ1(x)∪R∪R⊥ has dimension
m, m≤ 10. Then W ′ := 〈W,Γ (L0,L1),Γ (L2,L3),Γ (L0,L2)〉 has dimension
at most m+3. But W ′ must coincide with PG(13,q) by Lemma 4.1. Hence
m+3≥13, implying m=10.

The proof of the lemma is complete.

Lemma 4.6. Let x be any point of Γ , and let Σ be any apartment con-
taining x. Suppose Γ1(x) is not contained in a 4-dimensional subspace of
PG(13,q). Then Σ∪Γ1(x) is contained in a subspace of dimension 7.

Proof. Let L1,L2 be the two lines of Σ incident with x. Since 〈Γ3(L1)〉 and
〈Γ3(L2)〉 are 7-dimensional, and 〈Γ1(x)〉 is at least 5-dimensional, we deduce
that W :=〈Γ3(L1)∪Γ3(L2)〉 is at most 9-dimensional. Hence W ′ :=〈W,Σ〉 is
at most 10-dimensional. Denote by y the point of Σ opposite x, and let R be
the point regulus containing x and y. Let V be the 10-dimensional subspace
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of PG(13,q) generated by Σ∪Γ1(x)∪Γ1(y)∪R∪(Γ3(x)∩Γ3(y)) (this is indeed
10-dimensional as follows from Lemma 4.5). It is easy to see that 〈V ∪W ′〉
contains all thin subhexagons Γ (X,Y ), where X ∈ Γ3(x)∩Γ3(y)∩Σ, and
Y ∈ Γ3(x)∩Γ3(y), X �= Y . By Lemma 4.1, 〈V ∪W ′〉 is equal to PG(13,q).
Hence V ∩W ′ is at most 7-dimensional. But this contains Σ and Γ1(x). The
lemma is proved.

Proposition 4.7. For every point x of Γ , the subspace generated by Γ1(x)
is 4-dimensional.

Proof. We already know that 〈Γ1(x)〉 is at least 4-dimensional. Suppose
now that 〈Γ1(x)〉 is at least 5-dimensional. With the notation of the proof
of Lemma 4.6, we then know that U :=〈Γ1(x)∪Σ〉 is at most 7-dimensional.
Let z, x �= z �= y, be any element of the regulus R determined by x and y,
and let L1,L2,L3,L4 be four different lines belonging to the complementary
regulus, with L1,L2∈Σ. As 〈L1∪L2∪L3∪L4〉 is a 7-dimensional subspace
which has no point in common with the plane 〈R〉, we see that the subspace
generated by U,z,L3,L4 is at least 10-dimensional. Hence U is 7-dimensional
and 〈U,z〉 is 8-dimensional. Interchanging the roles of y and z, we see that
U ′ := 〈Γ1(x) ∪ L1 ∪ L2 ∪ {z}〉 is also 7-dimensional. But this means that
〈U ∪U ′〉 is 8-dimensional, and so U ∩U ′ is 6-dimensional. Hence 〈Γ1(x)∪
L1∪L2〉 is at most 6-dimensional. Now, since the subspace 〈Γ1(x),L1∪L2∪
L3 ∪L4〉 has dimension at least 8, the subspace 〈Γ1(x),L1 ∪L2 ∪L3〉 has
dimension 7 and the subspace 〈Γ1(x),L1 ∪L2〉 has dimension 6. Similarly
〈Γ1(x),L1∪L3〉 is 6-dimensional. It follows that 〈Γ1(x),L1〉 is 5-dimensional
(since 〈Γ1(x)〉 is assumed to be at least 5-dimensional). Similarly, 〈Γ1(x),L2〉
is 5-dimensional, and so 〈Γ1(x),L1 ∪L2〉 = 〈Γ1(x),L1〉 = 〈Γ1(x),L2〉 is 5-
dimensional, a contradiction.

The proposition is proved.

Next we show that the embedding is polarized. To that end, we need
another lemma.

Lemma 4.8. Any line regulus of Γ is contained in a unique 7-dimensional
subspace of PG(13,q), which is generated by any four elements of the reg-
ulus.

Proof. After Proposition 4.2 we remarked that every 4 lines of a line regulus
generate a 7-dimensional space.

Denote the lines of a fixed line regulus by L0,L1, . . . ,Lq, and let x,y,z be
three different points of the complementary point regulus. The spaces Wz

andW generated by L0,L1, . . . ,Lq,x,y and L0,L1, . . . ,Lq,x,y,z, respectively,
are at most 9-dimensional and 10-dimensional, respectively (indeed, the first
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one is generated by Γ2(x)∪Γ2(y), the second one by the first one and the
point z). Lemma 4.1 implies that we can generate PG(13,q) with W and
three additional points, hence W is 10-dimensional and, consequently, Wz

is 9-dimensional. Interchanging the roles of y and z, we see that also Wy

(defined by swapping y and z) is 9-dimensional. Since W = 〈Wy,Wz〉, it
follows that W ′

x =Wy ∩Wz is 8-dimensional. Similarly, we obtain that W ′
y

(obtained by interchanging roles of x and y) is 8-dimensional. As 〈W ′
x,W

′
y〉

is 9-dimensional, the subspace W ′
x ∩W ′

y is 7-dimensional. But this space
contains our fixed line regulus. The lemma is proved.

Proposition 4.9. Let x be any point of Γ . Then the subspace generated
by Γ2(x)∪Γ4(x) is 12-dimensional.

Proof. First we remark the following. Let L and M be two opposite lines
of Γ and let L be incident with x. Let R be a point regulus in Γ (L,M)
containing x and a point of M . Let N be the line at distance 3 from x and
concurrent withM . Note that R is a conic in the plane π it generates. Let T
be the tangent line of that conic at x (in π). Clearly the space U generated
by all lines of Γ (L,M) concurrent with L and by N has dimension 5. If it
would meet π in a line (necessarily T ), then by adding one point of R\{x} to
U , we would generate a space of dimension 6 containing all lines of Γ (L,M)
concurrent with L, containing M and R, hence containing Γ (L,M) itself,
a contradiction. So the space generated by all lines of Γ (L,M) which meet
L, by N and by T is 6-dimensional and hence is the space generated by all
points of Γ (L,M) at distance ≤4 from x.

Now put Γ1(x)={L0,L1, . . . ,Lq}. Let Ui be the 7-dimensional space gen-
erated by all lines of Γ concurrent with Li, i∈{0,1, . . . ,q}. Let y be any point
opposite x, and let R be the line regulus Γ3(x)∩Γ3(y). Using Lemma 4.8,
Proposition 4.7 and Corollary 4.4, we deduce that the spaceW generated by
U0,U1 and R has dimension (at most) 12. ButW contains the 6-dimensional
space generated by the points of Γ (M0,M1) not opposite x, with Mi the
unique element of R concurrent with Li, i = 0,1, . . . ,q. Hence W contains
the line T tangent at x to the point regulus R′ which is complementary to
the line regulus R. But that implies, by the previous paragraph, that, for
all i ∈ {2, . . . ,q}, the space W contains the 6-dimensional space generated
by the points not opposite x of Γ (Mj ,Mi), j = 0,1. This means that, for
all i∈{2, . . . ,q}, W contains [Mi,L0], [Mi,L1] and Γ1(x), hence W contains
all lines concurrent with Li, by an argument already used in the proof of
Corollary 4.4. Consequently W contains all points not opposite x. It is now
also clear that W is a hyperplane.

Before we can actually start to prove uniqueness of the embedding, we
show some more lemmas.
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Lemma 4.10. Let x be any point of Γ . Then 〈x⊥〉∩Γ =x⊥ and 〈x⊥⊥〉∩Γ =
x⊥⊥.

Proof. Assume that y∈〈x⊥〉∩Γ with y /∈x⊥. First, let y∈Γ4(x). Consider
a point regulus R containing x for which y belongs to one of the lines of
R⊥. If z ∈ R \ {x}, then 〈x⊥,z⊥〉 is 9-dimensional, but y ∈ 〈x⊥〉 implies
that 〈x⊥,z⊥〉 is at most 8-dimensional, a contradiction. If y∈Γ6(x), then a
similar argument applies (considering 〈x⊥,y⊥〉).

Next, assume that y∈〈x⊥⊥〉∩Γ with y /∈x⊥⊥. By the connectivity of the
complement of x⊥⊥ in Γ (see [1]), it easily follows that Γ is contained in
〈x⊥⊥〉, clearly a contradiction.

Lemma 4.11. Let R be a point regulus of Γ , and let L0,L1,L2,L3 be four
distinct lines of the complementary regulus. Let L be any line of Γ containing
a unique point x01 of Γ (L0,L1) and a unique point x23 of Γ (L2,L3), with
x01 �= x23. Then for every point x on L, x01 �= x �= x23, we can find a point
u in Γ opposite both x01 and x23, not opposite x, and opposite at least one
element of R.

Proof. We dualize the situation and consider a natural embedding of ΓD

in PG(6,q). So we are given a line regulus R′, four points �0, �1, �2, �3 of
the complementary regulus, two different concurrent lines X01 and X23 of
ΓD(�0, �1) and ΓD(�2, �3), respectively, the intersection point � of these two
lines, and a line X through � different from X01 and from X23. We look for a
line U opposite both X01 and X23, not opposite X, and opposite at least one
element of R′. Then with ΓD(�0, �1) and with ΓD(�2, �3), there correspond
hyperbolic quadrics which intersect in a non-singular parabolic quadric Q
in PG(6,q), as before. The point � lies on Q, and all elements of R′ are
contained in Q. Let R be any element of R′, and consider any point z �=� on
X. The shortest path from z to R does not pass through �, as otherwise we
obtain a line of Γ in Q not belonging to R′, a contradiction. If X and R are
not opposite, then this implies that we may take U =R. Suppose now that
X and R are opposite. Then we may take U concurrent with W :=projzR,
but not incident with z, nor with projWR. Clearly, U is opposite R and the
lemma is proved.

Lemma 4.12. There exists a natural embedding of the dual ΓD of Γ in
PG(6,q) such that, if x1,x2,x3,x4 are four different points on a line of Γ ,
and X1,X2,X3,X4 are the four corresponding concurrent lines of ΓD in
PG(6,q) (which lie in a plane PG(2,q) of PG(6,q)), then the cross-ratio
(x1,x2;x3,x4) in PG(13,q) is equal to the cross-ratio (X1,X2;X3,X4) in the
plane PG(2,q).
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Proof. Consider two opposite lines L,M in Γ . The generalized hexagon
Γ (L,M) is fully embedded in some 7-dimensional space PG(7,q) and the
embedding is polarized. It follows easily that a natural embedding of ΓD in
PG(6,q) can be chosen such that the cross-ratio of four given lines of ΓD

in PG(6,q) through the point l corresponding in ΓD with L, is equal to the
cross-ratio of the four corresponding points of Γ (L,M) on L in PG(7,q).
Since the cross-ratio is preserved by projecting Γ1(L) onto Γ1(M), and the
dual statement holds in ΓD, we see that the lemma also holds for points
on M . Moreover, since every line of Γ is opposite some line opposite L, we
conclude by applying the foregoing twice that the lemma holds for every
four points on all lines of Γ .

We can now prove our Main Result for q≥3.

Theorem 4.13. For q>2, the embedding of Γ in PG(13,q) is projectively
unique.

Proof. Throughout, we consider a fixed natural embedding of ΓD in
PG(6,q) satisfying the conditions of Lemma 4.12.

Let x0 and x1 be two opposite points of Γ and put R = R(x0,x1) =
{x0,x1, . . . ,xq}. These points form a conic C in some plane PG(2,q) of
PG(13,q). Now let L0,L1,L2,L3 be four different, arbitrary, but fixed, lines
of the complementary regulus of R(x0,x1). Using Lemma 4.12, and since
〈Γ (L0,L1)〉∩ 〈Γ (L2,L3)〉=PG(2,q), the correspondence between elements
of Γ (L0,L1)∪Γ (L2,L3) and the corresponding elements of ΓD is unique
up to a linear projectivity in PG(13,q) (and Γ (L0,L1)∪Γ (L2,L3) gener-
ates a hyperplane PG(12,q) of PG(13,q)). Let us denote by θ the consid-
ered anti-isomorphism from ΓD onto Γ . As the union of the point sets of
Γ (L0,L1) and Γ (L2,L3) linearly generate a geometric hyperplane S of Γ ,
where S⊆PG(12,q), and as the complement of S in Γ is connected, it fol-
lows that S is the set of all points of Γ in PG(12,q). We now show that we
can derive in a unique way the image under θ of any point of Sθ−1

.
Let Q be the (parabolic) quadric in some space PG(4,q) of PG(6,q)

which is the intersection of ΓD with the two hyperplanes of PG(6,q) deter-
mined by the subhexagons ΓD(L0,L1) and ΓD(L2,L3) of ΓD corresponding
to Γ (L0,L1) and Γ (L2,L3), respectively. Let the line Xi in Q correspond
with the point xi of Γ , i∈{0,1, . . . ,q}. Then, by the proof of Lemma 4.1, the
points of Γ in PG(12,q) correspond to the lines of ΓD which meet Q. Sup-
pose first that x is a point of Γ in PG(12,q), but not in Γ (L0,L1)∪Γ (L2,L3),
which corresponds to a line X meeting Q, but not meeting one of the lines
X0,X1, . . . ,Xq. Let a be the point of X in Q, and let A be the correspond-
ing line of Γ . As a is incident with one line of ΓD(L0,L1), and one line
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of ΓD(L2,L3), and as these lines are distinct (see the proof of Lemma 4.1
again), the line A contains two distinct points x01 and x23 of Γ (L0,L1) and
Γ (L2,L3), respectively, and hence is uniquely determined by these points.
Now, by Lemma 4.11, there exists a point y of Γ opposite both x01 and
x23, not opposite x, and opposite at least one element of R. It is easy to
see that, for every i ∈ {0,1,2,3}, the set of points of y⊥⊥ in 〈Li,R〉 either
spans a 3-dimensional space, or it is a plane containing Li and a line of Γ
meeting Li and incident with an element xj of R. In the latter case, it is
clear that 〈y⊥⊥〉 intersects 〈Li,R〉 in the 3-dimensional space generated by Li

and the tangent at xj to the conic R in the plane PG(2,q). Now, these four
3-dimensional spaces thus obtained clearly intersect mutually in a common
line of 〈R〉 (because otherwise 〈y⊥⊥〉 would contain R, hence y⊥⊥ would con-
tain R, contradicting Lemma 4.10 and the fact that y is opposite at least one
element of R). Hence 〈y⊥⊥〉 intersects 〈L0,L1,R〉 in a 5-dimensional space.
Likewise, 〈y⊥⊥〉 intersects 〈L2,L3,R〉 in a 5-dimensional space. By our con-
dition on y, we may assume that y is opposite x0, and hence there exists
a line K of Γ (L0,L1) at distance 3 from x0, which has a unique point not
opposite y, and not contained in 〈L0,L1,R〉. Similarly there exists a line
K ′ of Γ (L2,L3) at distance 3 from x0, which has a unique point not oppo-
site y, and not contained in 〈L2,L3,R〉. We conclude that 〈y⊥⊥〉∩PG(12,q)
contains two 6-dimensional spaces, meeting in PG(2,q) in at most a line
(otherwise, by Lemma 4.10, x0 would not be opposite y, a contradiction).
Hence 〈y⊥⊥〉∩PG(12,q) is an 11-dimensional space, which is completely de-
termined by previously constructed elements of Γ , and which meets A in x.
Hence x is uniquely determined by its image X in ΓD.

We now claim that also all lines through the points x0,x1, . . . ,xq are
uniquely determined by their images in ΓD. Indeed, let X be a line through,
say, x0, and let x be the corresponding point of ΓD. We may assume that
X is not a line in Γ (L0,L1)∪Γ (L2,L3). Let, as in the proof of Lemma 4.1,
Z be any line of Q through x not in the space generated by X0 and X1. Let
the set of points incident in PG(4,q) with Z be equal to {x,z1, . . . ,zq}. Let
y be the unique point of ΓD collinear in ΓD with x and zj , for all j=1, . . . ,q.
Let Y and Zj , j=1, . . . ,q, correspond with x,y,zj , respectively, in Γ . From
the previous paragraph it follows that all points on Zj, j = 1, . . . ,q, are
determined by their image on ΓD; hence Y is uniquely determined by y,
and so are all points of Y that are incident with one of the Zj . Now X
is the unique line containing x0 and meeting Y in a point not on any Zj ,
j=1, . . . ,q. Our claim is proved.

Now, with the notation of the previous paragraph, we show that every
point of X is determined by its image in ΓD. So let w ∈ Γ1(X)\{x0} and
let W be the corresponding line of ΓD. Let W1,W2,W3,W4 be the lines of



FULL EMBEDDINGS OF THE FINITE DUAL SPLIT CAYLEY HEXAGONS 697

Γ in Γ (L0,L1)∪Γ (L2,L3) through x0. Suppose that wj is the point of ΓD

which corresponds to Wj , j = 1,2,3,4. Now we choose an arbitrary (dual)
trace XV

0 in ΓD containing W (and V is opposite X0). Let Vj be the unique
line of that trace incident with wj , j=1,2,3,4. If vj is the point of Γ which
corresponds to Vj, j=1,2,3,4, then, by Propositions 4.7 and 4.9, the points
w,v1,v2,v3,v4 are contained in a common 3-dimensional space PG(3,q),
which is already determined by v1,v2,v3,v4. Hence {w}=PG(3,q)∩X, and
so w is uniquely determined by its image W on ΓD.

Since all points on every line of Γ through any xi, i= 0,1, . . . ,q, meet-
ing either L1 or L2 are uniquely determined by their images (under θ−1) in
ΓD, there is a unique way, up to a linear projectivity of PG(13,q), to con-
struct the images of the elements of Γ (L1,L2)θ

−1
in PG(13,q) (remark that

Γ (L1,L2) and PG(12,q) generate PG(13,q)); this follows from Section 4
of [7]. So we have at least one line K of Γ outside PG(12,q) all points of
which are uniquely determined by their corresponding elements in ΓD. We
show that also all points at distance 3 of K (but not collinear in Γ with the
intersection point of K with PG(12,q)) in Γ are uniquely determined by
the corresponding elements in ΓD. By connectivity of the complement in Γ
of the set of points of Γ in PG(12,q), we then conclude that the embedding
is unique.

Each point of Γ in PG(12,q) is incident with a line of Γ contained in
PG(12,q). So the unique point w onK in PG(12,q) is incident with a lineK ′

of Γ contained in PG(12,q). Since all points of K are uniquely determined
by their images in ΓD, and since every line through such a point meets
PG(12,q) in a unique point, all lines of Γ meeting K in a point distinct
from w are determined by their corresponding elements in ΓD. So we know
all cubic scrolls with base line K containing K ′. Since all points on K ′ are
uniquely determined, since on every line of every such scroll, there is at
least one point not on K uniquely determined (the intersection of that line
with PG(12,q)), and since every conic on every scroll is determined by two
points, we see that all points on all these scrolls are uniquely determined by
their images in ΓD.

The proof is complete.
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